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LP-ESTIMATES FOR PARABOLIC SYSTEMS WITH UNBOUNDED COEFFICIENTS 

COUPLED AT ZERO AND FIRST ORDER 

LUCIANA ANGIULI, LUCA LORENZI AND DIEGO PALLARA 


Abstract. We consider a class of nonautonomous parabolic first-order coupled systems in the Lebesgue space 
LP(R‘^;R™'), (d,m > 1) with p G [l,-|-oo). Sufficient conditions for the associated evolution operator G{t,s) in 
Ci,(R‘^;R"‘) to extend to a strongly continuous operator in L2’(R‘*;R"*) are given. Some L^-L’^ estimates are also 
established together with LP gradient estimates. 


1. Introduction 


Second order elliptic and parabolic operators with unbounded coefficients have received a great deal of attention 
because of their analytical interest as well as their applications to stochastic analysis, both in the autonomous 
and, more recently, in the nonautonomous case. Due to the applications in Stochastics, much of the work has 
been done in spaces of continuous and bounded functions and in the LP-spaces with respect to the invariant 
measure, in the autonomous, and evolution systems of measures, in the nonautonomous case. The existence of a 
unique classical solution for homogeneous parabolic Cauchy problems associated with operators with unbounded 
coefficients in spaces of continuous and bounded functions, or equivalently the existence of a semigroup T(t) or an 
evolution operator G{t,s), respectively, can be shown under mild assumptions on the growth of the coefficients. 
Let us refer the reader to [niiniiis] and their bibliographies for more information. 

On the other hand, the analysis in the setting with respect to the Lebesgue measure has an independent 
analytical interest and it turns out to be much more difficult than the analysis in the space of continuous and 
bounded functions or in LP-spaces with respect to the invariant measure (resp. evolution system of measures). 
Even in the autonomous case, the Cauchy problem may be not well posed in U’{W^,dx) if the coefficients are 
unbounded, unless they satisfy very restrictive assumptions. For instance, in the 1-dimensional case very simple 
operators, such as — \xYxD, with e > 0, do not generate any semigroup in L'P{K,dx) and in this situation, 
the lack of the potential term plays a crucial role, see also [3] for further examples and comments. 

Since nowadays many of the results obtained concern the single equations, the aim of this paper is the study of 
parabolic systems with unbounded coefficients, coupled in the zero and first order terms, in the Lebesgue space 
LP(R'^, R'"). We consider the Cauchy problem 

J Dtu(t,a;) = (A(t)u)(t,a;), t>sGl, 

I u(s, a;) = f(a;), 

where I is an open right-halfline or the whole R and the elliptic operators 


Av = A( 9 y Djv) + y] RiAv -I- Cv 


i,j=i 


( 1 . 2 ) 


have unbounded coefficients : / x R'^ —>■ R and Bi,C . I x R*^ —>■ R"*^ (m > 1). 

Second order elliptic and parabolic systems have been already studied in the simplest case of zero order coupling, 
i.e., when Bi = bilm (see [HITS])- The more general frame of first order coupling, i.e., uncoupled diffusion and 
coupled drift and potential, has been very recently studied in the space of continuous and bounded functions 
in [2], where the existence of an evolution operator G{t,s) associated with A,{t) in C'f,(R‘^;R™) has been shown. 
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Here, we take advantage of such construction and of a pointwise estimate shown in [5] to start our investigation 
on the properties of G{t, s) in the context. We refer to [ini E] for the abstract theory of evolution operators. 

We assume that the coefficients are regular enough, namely locally for some a € (0,1), together with 

the first order spatial derivatives of qij and of the entries of Bi, for any i,j = l,...,d, and that the matrix 
Q{t,x) = [qij{t,x)]ij^i^,,,^d is uniformly positive definite, see Hypotheses 12.11 

The LP analysis is carried out under two different sets of assumptions, Hypotheses 12.21 and 12.31 which we 
compare in Remark l2.5l The two approaches give slightly different results. Indeed, under Hypotheses 12.21 we deal 
directly with the vectorial problem. Using the pointwise estimate proved in [5] (and recalled in the Appendix), an 
interpolation argument and requiring a balance between the growth of the potential matrix C and the derivative 
of the drift matrices Bi {i = 1,..., d), we prove that the evolution operator G(t, s) extends to a bounded and 
strongly continuous operator in Lp(R^; R'") for any p G [1, +oo). 

On the other hand, when Hypotheses 12.31 are satisfied, we estimate |G(t, s)f|^ in terms of G(t, s)|f|P for any 
t > s G I, p G [poi+oo) and some po > 1. Here, G(t,s) is the evolution operator which governs an auxiliary 
scalar problem. As a consequence of this comparison result, the boundedness of G(t,s) in R"*)) for 

p G [poj+oo) can be obtained as a byproduct of the boundedness of G(t, s) in £(L^(R‘^)). Sufficient conditions 
in order that G{t,s) is bounded in LP for any p G [l,+oo) can be found in [7]. Notice however that slightly 
strengthening Hypothesis I2.3r iil we can deal with the whole scale of 1 < p < oo rather than p > po, see Remark 
[271 

Going further, we find conditions for the hypercontractivity of G(t, s). More precisely, under suitable assump¬ 
tions, we prove that 

l|Gl(t, < c||f||2,P(R<i;R™), (1.3) 

for any t G {s,T], T > s G I, i G L^(R'^;R™), q > p and some positive constant c depending on p,q,s and T. 
Actually, whenever Hypotheses 12.21 are satisfied, under the same assumptions which guarantee that LP(R‘^,R'") 
is preserved by the action of G(t, s), we prove (11.31) for any 2 < p < q. Then, arguing by duality we establish 
da also when 1 < p < q < 2. Applying this hypercontractivity result to the scalar evolution operator G{t, s) 
and using the pointwise estimate of |G(t, s)f|P in terms of G{t, s)|f|^, we provide conditions for (11.31) to hold for 
Po < P < < 7 , when Hypotheses 12.31 are satished. 

The hypercontractivity estimate (US, in this generality, seems to be new also in the autonomous scalar 
case. Some LP-L‘^ estimates have been recently proved in [16] for a special class of homogeneous operators with 
unbounded diffusion. 

Next, we prove some pointwise estimates for the spatial derivatives of G(t, s)f. Under additional assumptions, 
which are essentially growth conditions on the coefficients of the operator A.(t) and their derivatives, we show 
that there exist positive constants ci, C 2 such that 

\D,G{t, s)fr < ciG(t, s){\i\P + \Di\P) (1.4) 

and, under more restrictive conditions, that 

\D,G{t, s)fr < C 2 (t - s)-«G(t, s)\i\P, (1.5) 

for any t G {s,T], T > s G I, i G G^(R'^;R™) and p G [pi,-|-oo) for some pi > 1. 

Now, if the scalar evolution operator G{t, s) preserves L^(R'^), estimates (11.41) and (11.51) yield that the evolution 
operator G{t, s) belongs to £(1U^’P(R‘^; R™)) and to £(LP(R'^; R™), 1U^’P(R'^; R'")), respectively. As a consequence 
of this fact, we show that G{t,s) is bounded from 1 U® 1 ’P(R‘^; R™) into 1U®2’P(R'^; R™) for any 0 < 6 »i < 6*2 < 1 
and any p > pi. 

We believe that estimates dLl and (11.51) could represent a helpful tool to study the evolution operator G{t, s) 
in L^-spaces with respect to a natural extension to the vector case of evolution systems of measures, whose 
definition and analysis is deferred to a future paper. Indeed, already in the scalar case, (see jH [S]), pointwise 
gradient estimates have been a key tool to study the asymptotic behaviour of the evolution operator associated 
with the problem and in establishing some summability improving results for such operator in the LP spaces with 
respect the tight time dependent family of invariant measures. 

The last section of the paper is devoted to exhibit some classes of operators which satisfy our assumptions. 
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Notations. Functions with values in are displayed in bold style. Given a function f (resp. a sequence (fn)) 
as above, we denote by fi (resp. fn,i) its i-th component (resp. the i-th component of the function f„). By 
we denote the set of all the bounded Borel measurable functions f : —>■ K™. For any k > 0, 

is the space of all the functions whose components belong to C^{W^), where the notation C'^(R'^) 
{k > 0) is standard and we use the subscript “c” and “b” for spaces of functions with compact support and 
bounded, respectively. Similarly, when k G (0,1), we use the subscript “loc” to denote the space of all / G C'(K'^) 
which are Holder continuous in any compact set of We assume that the reader is familiar also with the 
parabolic spaces C'“/^’“(/ x {a G (0,1)) and x R^), and we use the subscript “loc” with the same 

meaning as above. 

The Euclidean inner product of the vectors x,y G R"^ is denoted by {x, y). For any square matrix M, we denote 
by Mij, Tr(M) and M* the ij-th element of the matrix M, the trace of M and the matrix transposed to M, 
respectively. Finally, Am and Am denote the minimum and the maximum eigenvalue of the (symmetric) matrix 
M. For any fc G N, by Ik we denote the identity matrix of size k. Square matrices of size m are thought as 
elements of R™^. 

By XA, 1 and ej we denote the characteristic function of the set A C R'^, the function which is identically 
equal to 1 in R'^ and the j-th vector of the Euclidean basis of R™. Finally, the Euclidean open ball with centre 
xq and radius i? > 0 and its closure are denoted by Bh^xq) and Bh^xq); when a;o = 0 we simply write Bn and 
Br. 

For any interval J C R we denote by Ej the set {(t, s) G J x J : t > s}. 

2. Preliminary results 

Let I be an open right-halfline (possibly / = R) and {A{t)}t^j be the family of second order uniformly elliptic 
operators defined in (11.21) . In this paper we study the Cauchy problem (11.11) when f G LP(R‘^;R™) and s G /, 
under the following standing assumptions. 

Hypotheses 2 . 1 . (i) The matrices Q = Bi (i = and C are symmetric. Further, 

Qij, {Bi)ik G C'j“c^’^’''“(J X R'^) and Cik G x R'^) for any i, j = 1, ..., d and /, fe = 1, ..., m; 

(ii) the matrix Q is uniformly elliptic, i.e., uq := inf/xR^ ^Qit,x) > 0 where 

\Q{t,x) := mm{{Q{t,x)f,^) : ^ G R'^, |^| = 1}, t G I, x 
is the minimum eigenvalue of Q[t,x). 

Besides Hypotheses 12.II we consider one of the following two sets of assumptions. 

Hypotheses 2 . 2 . (i) The function : / x R"^ —>■ R, defined by 

d 

‘^v=Yl - {B^y,BJr|)] -A{Cri,ri), (2.1) 

ij'=l 

is nonnegative in I x R'^, for any rj G dBi; 

(ii) for any bounded interval J C I there exist a constant Xj and a positive (Lyapunovj function (pj G C'^(R'^), 
blowing up as |x| -A -boo, such that 

sup sup {An{t)ipj){x) - Xjipj{x)) <+O 0 , 

V&dBi (t,x)GJxR‘^ 

where 

= div{QD,;) + {br,, Drf), {br,)i = {Bip, rf). 

Condition TES) is already used by m in the case of bounded coefficients. 


( 2 . 2 ) 
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Hypotheses 2.3. (i) There exist funetions bi : I x ^ M. and : / x —>■ such that Bi := bilm + Bi, 

for any i = . ,d, a > 0, and a function ^ : I ^ {0, +c») such that 

\{Bi)jkit,x)\ < C{t)XQ(t,x), (t,x) € / X R'^, 

for any j,k = 1 ,...,m and i = 1,... ,d; 

(ii) for any hounded interval J G I there exists /3 > 1/4 such that 

Hp,j ■= sup (Ac + < +oo; (2.3) 

JxR*^ 

(iii) for any hounded interval J G I there exist Xj > 0 and a positive function (pj G C'^(R'^) blowing up as 
|x| —?► +CXD such that supjxRd(A.(/jj — Xjipj) < +c», where 

A = d\v{QD^) +{h,D^), & = (6 i,..., (2.4) 


Remark 2.4. Hypothesis d^i) can be replaced with the weaker condition 


inf inf 3C„ > — oo 
Tjeasi jxR'^ 


(2.5) 


for any bounded interval J G I. Indeed, in this latter case, for any bounded interval J G I there exists a positive 
constant cj such that > —cj in J x R'^ for any p € dBi. Let us notice that u is a classical solution of the Cauchy 
problem dm if and only if the function v, defined by v(t,x) := e a:) for any (t,x) G (s,+oo) x R"^, 

is a classical solution of the problem 


Dtv{t,x) = ^yi(t) — v(t,x), {t,x) G (s,+oo) X R^' 

v(s, x) = f(a:), a; G R*^. 


( 2 . 6 ) 


The elliptic operator in problem (12.61) satisfies Hypothesis 12.2r il and, clearly, the uniqueness of v is equivalent to 
the uniqueness of u. 


Remark 2.5. A comparison between Hypotheses 12.21 and 12.31 is in order. First of all, notice that writing the 
matrices Bi as in 1121:1) the function depends only upon Bi, because the diagonal part cancels. The two sets 
of hypotheses are independent in general: USKi) and (ii) imply 11211), whereas l2.2H il is stronger than usi: iii). 
Indeed, assuming l2.3f il it is easily seen that 

d 

(Q~^)^J[{Bip,p){BJp,p) - {B,p,Bjp)] 

is negative and of order X^~^. This fact together with l2.3H il implies [2^i) (taking Remark 12.41 into account). 
On the other hand, assuming [i2i:i), the function can be of order less than Ag For instance, assume 

d = m = 2, Q = diag(AQ, Ag), Bi = 61/2 diagonal and B 2 ^ 0. Then, we have 

- 4(C?7,r7) > 0 if Ac + 2^2AQ^Ag^ <+00, 

which is weaker than ()2.3I1 if Xq = o(Ag). 

Concerning 12.2l iil and l2.3f iiiL the latter requires the existence of a Lyapunov function for one decomposition 
of each drift matrix, while the former requires the existence of a Lyapunov function for any decomposition 
Bi — T Bj^i, p G dB\. 

We start by recalling some known results used in the sequel and proved in [5]. The evolution operator on 
C;,(R‘^;R'") which gives a solution of problem (EH is obtained as the limit of the sequence of the evolution 
operators related to the following Cauchy-Dirichlet problem in / x 

{ DtVLn{t,x) = {A{t)Un){t,x), t>S,XG H„, 

u„(t,a;) = 0, t > s, X G dBn, 

Un{s,x) = {{x), X G Bn- 


(2.7) 
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We shall also be concerned with the Cauchy-Neumann problem in I x Bn- 

{ DtUn{t,x) = {A{t)Un){t,x), t>S,XG Bn, 

^^{t,x) = 0, t>s,x€dBn, ( 2 - 8 ) 

u„(s,x) = f(a;), X € Bn, 

where v denotes the unit exterior normal vector to dBn- Throughout the paper, we denote by G®(t,s) and 
G^(t,s) the Dirichlet and Neumann evolution operators associated with problems (12.7L (12.81) in Ch(B„;]R'"). 

Proposition 2.6. Under Hvvotheses \2.1\ and 12.21 (resv. 12.311 . for any f € Ch(]R‘^; R"*), problem (11.111 admits a 
unique classical solution u which is bounded in the strip [s, T] x for any T > s G I. Setting G{t, s)f := u(t, •) 
for any t > s and f G R'"), G{t,s) is a bounded linear operator in C';,(R‘^; R"*) and 

||G(t,s)f||oo<7(t-s)||f|U, tG{s,T), (2.9) 

where j(r) = 1 (resp0 j(r) = for any r > 0. Moreover, for any s G I and f G Ch(R‘^;R™), both 

Gni', s)i and G®(-,s)f converge to G(-,s)f in +oo) x R'^;R™). 

The uniqueness of the solution of the problem dm shows that the family {G{t, s)}t>sGi is evolution 
operator in Cb(R‘^;R’"). 


Remark 2.7. Notice that working in is allowed provided that HvDothesis l2.3r ii'l holds for some /3 > [4(p—1)]“^, 
as we shall see in the proof of Proposition 12.81 below. We are supposing fd > 1/4 in order to encompass the case 
p = 2: indeed, estimate (12.91) has been obtained as consequence of a pointwise estimate for |up in terms of the 
solution of a suitable scalar problem. 

Moreover, we point out that if (12.31) holds with Aq in place of Aq'^”^ for some a < 2(T — 1, then every /? > 0 is 
allowed and we can extend our results to the whole scale of p > 1. We shall not mention this extension anymore. 


Since in this paper we are interested in studying the evolution operator G{t, s) in the R™) setting under 

Hypotheses 12.31 we extend the just mentioned pointwise estimate to lujJ’ for any p € [1 + -^,+ 00 ). 

Proposition 2.8. Assume that Hvvotheses \2A\ hold true; then, for every bounded interval J G I and p > 1 + -^, 
there exists a positive constant Kj such that 

\{G{t,s)f){xr < eP^^^*-^\G{t,s)m{x), ( 2 . 10 ) 

for any {t, s) G Sj, x G R'^ and f G Cb(W^; R'"), where G{t, s) denotes the evolution operator in C';,(R‘^) associated 
with the operator A defined in (12.4|) . Here, Kj = Hi/^ j if p > 2 whereas Kj = Hp^j if p S [1 + ^,2). 


Proof. Estimate (12.101) has been already proved when p = 2 in [3J Prop. 2.8] with Kj = Hi/^ j] for a general p, its 
proof is similar, so that we limit ourselves to sketch it. Moreover, it suffices to prove (12.101) only for p € [l-\--^,2). 
Indeed, if p > 2, the integral representation formula of G(t, s)|fp in terms of the transition kernels associated 
with A in Gb(W^) (see [T71 Prop. 2.4]) and the Jensen inequality yield 

|G(f,s)f|P < < eP^i/*-^(*-")G(t,s)|f|P 


for any {t, s) G Ej. Hence, (12.101) follows. 

Now, let J C / be a bounded interval. Fix p G [1 + ^,2], e > 0, and, for brevity, let H = Hp^j 
Hypotheses 12.3l iil and u = G(-, s)f. We set Wg = (jup + e)^/^ and 

Ue{t, ■) = •) — G{t, s)(|fp + t > s G I. 

The function belongs to G^’^((s, + 00 ) x R*^) (A Gh([s, + 00 ) x R"^) and verifies 

r d d 


DtUe - Aue = pe-P^^^-^'iwl-^/P 


'^{u, BiD^u) + (u, Gu) - ^ q,,j{DiU,Dju) 


L 2=1 




be as in 


^Here J^i/ 4 ,[s,r] the constant in II2.3II . 
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+ (2-p)(|up+e) 1 ^ q,j{u,D,u){u,Dju) - H{\u\‘^ + e) 

ij^l 


in ( 5 , oc) X Since 


^ gy(u,Au)(u,i^,u) < ^ \uh\\uk\\{QD,Uh,D,Uk)\< ^ \uh\\uk\\Q^^‘^D;^Uh\\Q^^'^D^Uk\ 

ij—l h,k—l h,k—l 

= (f2hH\\Q^^^D xUh\\ 


( 2 . 11 ) 


^h=l 


by the assumptions it follows that 


\h^l 


\h^l 


= |up J2 Q^J{D^U,DJU), 
*.i=i 


DtUe - A{t)Ue <pe 


-pH(t-s) p 


y](u, BiDiu) + (1 - p)Xq\D^u\‘^ + (Ac - ^l)|u|' 


( 2 . 12 ) 


in (s, 00 ) X The Young and the Cauchy-Schwarz inequalities and Hypotheses I2.3l il show that 

d d 

y](u, AAu) + {1 - p)Xq\D^u\'^ < TO,fA^|u|y] |Au| + {1 - p)Xq\D^u\'^ 




2=1 


< {adm^i^ + 1 - p)Xq\Dj,\iY + 


\J.a 

2 , "'Q 


4a 


(2.13) 


in J X where and a = a{t) is an arbitrary positive function. Putting together (I2.12L (12.131) and choosing 
a = {p— l)((im^^^)“^ yield that 


DtUe - Aue < pe-P^^^-^'^wl-^/P 


-Xi^-^ +Ac-H 


luP < 0 


_4(p-l) <3 

in ((s, 00) n J) X R'^. The maximum principle in [ITl Prop. 2.1] yields that Ug < 0 in ((s, 00) D J) x R'^, i.e., 
(|u(t, •)!' + s)(|fp + {t, s) G Ej. 

Letting e —)► 0+ we get (12.1011 with Kj = Hp^j. □ 


3. The evolution operator G(t, s) in L^’(R'*;R™) 

As it has been already stressed in the introduction, even in the autonomous scalar case, the Cauchy problem 
(HH) is not well posed in iP(R'^, dx) if the coefficients of A are unbounded, unless they satisfy suitable assumptions. 

Actually, in some cases the Lebesgue space LP(R‘^, dx) is not preserved by the action of the evolution operator 
associated with A. For example, the compactness in C'b(M'^) implies that L^'(R'^,dx) is not preserved (see e.g. 
mi?]) by the action of the evolution operator. Here, we are interested in studying properties of the evolution 
operators G(t, s) in LP(R'^;R'”) when this space is preserved by its action and when an estimate like 

l|G(t, s)f||cp(R<i.Rm) < Cp(t — s)||f||cp(R<i.Rm) (3.1) 

holds true for some function Cp : [0, +oo) —)► (0, +oo). 

In what follows we consider alternatively Hypotheses 12.21 and 12.31 under additional assumptions. See also 
Remark 12.71 in connection to Theorem 13.41 and Proposition [XU 

We begin by considering the case when Hypotheses 12.21 are satisfied. Here, in order to use a duality argument 
we introduce the following conditions. 

Hypotheses 3.1. There exists a function k : I x R'^ —>■ R, bounded from above by a constant kq, sueh that 
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(i) the function : / x R defined by 

d 

Xrj = Xr} ^ 4:'^{DkBkr],r]) + 4/c, 

k^l 

where is defined in (ED, is nonnegative in I x R'^ for any r] G dBi; 

(ii) for any bounded interval J C I there exist a constant Xj and a positive function (pj G C'^(R‘^), blowing up 
as \x\ —>■ +00, such that 

sup sup - Aj(^j(x)) <+00, 

iieasi (t.x)GJxR‘^ ^ ^ 

where 

Ar^ = Ahj{QDfi} - {bn, Dfi) + 2 k 
and bn is defined in (lO) . 

Remark 3 . 2 . The same arguments as in Remark 12.41 show that the condition Xn > 0 in J x R'^ can be replaced 
with the weaker condition inf^gasj^ inf ^ bounded interval J G I. 

Theorem 3 . 3 . Assume that Huvotheses \2.2\ hold true. If for some interval J G I there exists a positive constant 
Lj such that 

^2C-J2i-i ~ (^1^) ^ J ^ (3-2) 

then estimate (13.11) is satisfied for any {t,s) G Sj, f G C'c(R‘^;R’") and p G [2,+oo) with Cp{r) = In 

addition, if Hvvotheses WfW are satisfied, then estimate (1,3.11) holds also for p G [1,2) withcp{r) = -2))/p ^ 

r > 0 and p' = p/{p— 1 ) • 

Proof. Let us fix s € J, f G C'c(R'^;R™) and for any n G N consider the classical solution u„ := G„(-,s)f = 
G® (•, s)f of the Cauchy-Dirichlet problem (12.71) . ^From Proposition [521 G„(-, s)f converges pointwise to G(-, s)f 
as n —>■ +00 and 


||G„(t, s)f||oo < ||f||oo, tG{s,+oo). (3.3) 

Let us prove that estimate (EH) holds true for p = 2 with G(t, s) replaced by G„(t, s) and some positive function 
c independent of n. To ease the notation, we use || • ||p (resp. || • |lp,n) in place of || • ||LP(R<i;Rm) (resp. |1 • ||LP(B„;Rm))- 
To this aim, first observe that from the symmetry of Bi it follows that 2{v, BiDiv) = TT{BiDi{v 0 v)) for any 
smooth function v : R'^ —>■ R'” and i = 1,... ,d. Then, multiplying the differential equation I?tU„ = 7l(t)u„ by 
u„ and integrating by parts in Bn, we get 


A||u„(t, Olll,™ =2 [ {Un{t,-),{A{t)Un){t,-))dx 

\ f {Q{t,-)D,,Un{t,-),D,,Un{t,-))dx -'V] [ {{DiBi){t,-)Un{t,-),Un{t,-))dx 

Jb„ Jb„ 

+ 2 [ {C{t,-)Un{t,-),Un{t,-))dx. 

Jb„ 


= -2 


Thus, from Hypotheses 12.If ii') and (13.21) we deduce that 

A||u„(t,-)||1,„ <Lj||u„(t,-)|| 2 ,n, 

whence ||u„(t, •)||2 = ||G„(t, s)f||| „ < ||f|||, for any (t, s) G Sj and any n G N. This latter inequality 

together with estimate ESI) and the Riesz-Thorin interpolation theorem yields 


|G„(t,s)f||p,fe < eP 




for any {t, s) G S j, p G [2, +oo) and k,n G N with k < n. 
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Since G„(<, s)f converges pointwise to G(t, s)f in as n —>■ +oo, Fatou’s lemma yields that ||G(t, s)f||p_fc < 
gP Lj(t-s) ||f 11 ^^ Jqj. g^j-^y k gN. Letting k +oo in the previous inequality and using Fatou’s lemma again we 
get the hrst part of the claim. 

Now, let us suppose that Hypotheses 13.11 are satisfied, too. Multiplying the differential equation {Dr — 
A{r))Gn{r, s)f = 0 by g G ([s, t] x R™) and integrating by parts with respect to r and x in [s, t] x Bn, we 
easily deduce that, for any f G C^{Bn; R™), the function v„(s, •) = G*(t, s)f is a weak solution of the backward 
Dirichlet Cauchy problem 

t > s, X € Bn, 

t > s, X € dBn, (3.4) 

X G Bn, 


DsVn{s,x) = -{A*{s)Vn){s,x), 
Vnis,x) = 0, 

Vn{t,x) = f(x). 


where 


d d 

A*\ = ^ D^{qijDjv) - ^ BiDi'v 




C-Y^DkBkU 


k=l 


for any smooth function v : R'’* —^ R™. Actually, by the duality theory developed in [T3] (see, in particular. 
Theorem 9.5.5), v„ is the unique classical solution of problem (13.411 and from Hypotheses 13.11 it follows that 
l|G;(t,s)f||oo < gKo(* '<)||f||^^ for any t > s and f as above (see [5] and the Appendix). We can then apply the 
arguments above to G*(t, s), showing that (13.111 holds true with G(t, s)f replaced by G*(t, s)f for any p > 2. 
Indeed, multiplying the differential equation in (13.411 by v„ and integrating by parts in Bn, we get 

G's||v„(s,-)||1„ = - 2 f {■Vn{s,-),iA*{s)Vn)is,-))dx 

Jb„ 

= / {Q{s,-)D^Vn{s,-),D^-Vn{s,-))dx + ^ / {{DiBi){s,-)Vn{s,-),Vn{s,-))da 

JB„ JB„. 

I / (C(s,-)Vn(s,-),Vn(s,-)}dx 

JB„. 


'Bn 
- 2 


i=l ' 


> 




-2c(sG)|v„(s,-)Prfa:. 


Since —= A_^ for any symmetric matrix A, from (13.211 it follows that 

Drhn{r, ■)\\ln > -Lj\\Vn{r, Oll^.n (3-5) 

for any r G (s, t) and n G N. Integrating (13.511 with respect to r from s to t and taking the final condition in (13.411 
into account, we get 

\\G*n{t,s){\\ln<e^^^^-^W2- 

Again, by the Riesz-Thorin theorem and the uniform estimate ||G* (t, s)f||oo < ||f||oo, we obtain 

||G:(t,s)f||p,„<ei(^-+"‘>(P-2»(‘-^)||f||p, 

for any {t, s) G Ej and p G [2, +oo). Arguing as above and letting n —>■ +oo in the previous inequality we get 

||G*(t,s)f||p < (3.6) 

for the same values of t, s and p. 

Now, fix p G [1,2) and f G G< 


V^). Then, from (13.611 

||G(t,s)f||p =sup| [ (G(t,s)f,g)dx : g G G“(R'’*;R”’-), ||g||p'< 1 
UR-i 

<||f||pSup{||G*(t,s)g||p, : g G Gr(R";K™), ||g||p, < 1} 

<el[r(i.,+«o(p'-2))(t-«)||f|| 
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for any {t, s) € Sj, which completes the proof. □ 

The case when the pointwise estimate (12.1011 holds is much simpler. Indeed, estimate (Id.Ill can be obtained just 
requiring conditions on the scalar evolution operator G(t, s). As an immediate consequence of estimate (12.1011 we 
get the following 

Theorem 3.4. Assume that Hvvotheses \2.‘6\ hold true and fix p G [1 + |^,+oo). IfG{t,s) preserves and 

satisfies dSU with p = m = 1 and ci = ci, then estimate (EDI holds true for any {t,s) € Ej and f G Cc(R‘^;R™) 
with Cp{r) = e^-’^Ci{r). 

Remark 3.5. Sufficient conditions for the scalar evolution operator G{t, s) to satisfy (13.111 with p G [1, +oo) can 
be found in [71 Thins. 5.3 & 5.4] when A is not in divergence form. Adapting the cited theorems to our case, one 
can show that estimate (EH) is satisfied with p = 1 if there exists an interval J C / and a positive constant Tj 
such that either diva;6 > —Tj or \b\^ < TjAq in J x R"^. 

Proposition 3.6. Let the assumptions of Theorem, fV.ffl (resp. Theorem \ 3.f^ he satisfied. Then, the evolution 
operator G{t,s) associated with A{t) in C'c(R'^;R™) admits a continuous extension to LP(R'^;R™) for any p G 
[l,+oo) {resp. p G [1 + ^,+oo)). Moreover, G{t,s)i tends to f in L^’(R'^,R™) as t ^ for any s G I, 
f G LP(R‘^; R™) and p G [1, +oo) (resp. p g[1 + +oo)). 

Proof. The first part of the claim is an easy consequence of estimate EH- Indeed, fix {t,s) G Sj, f G LP(R‘^;R"^) 
and let (f„) be a sequence in C'c(R'^;R™) converging to f in L^’(R'^;R™), as n —>■ +oo. Then, from (13.111 it follows 
that 


||G(t, s)(f„ — ffc)||j;,p(Rd.Rm) < Cp(t — s)||f„ — ffc||j;,p(Rd.Rm) (3.7) 

for any n,k G N and, consequently, (G(t, s)f„) is a Cauchy sequence in Lp(R‘^; R'"). We can then define G(t, s)f 
as the L^’(R'^; R'")-limit of G(t, s)fn as n —>■ +oo. Moreover, from (13.711 it follows that ||G(t, s)f||ip(Kd.gm) < 
c||f||Lp(R<i;Rm) for any f € LP(R'^;R’^). 

To prove the remaining part of the claim it suffices to show that, for any t > s G I, any x G R‘^ and any 
f G C^(R^;R"‘), 

{G{t, s)f){x) — f{x) = — f {G{t,r)A{r)f){x)dr. (3.8) 

J S 

Indeed, fix [a,b] C /; from estimates (13.811 and (13.111 we deduce that 

||G(t,s)f-fllLp(Rd.Rm) < sup ||Al(r)f||ip(Rd.Rm) / Cp{r-s)dr 

rG [a,b] J s 

for any s G [a, b] and t > s. Since, in our assumptions, the last integral vanishes as t — ^ s’*", G(t, s)f tends to f in 
LP{R‘^; R'") as t —and s G [a, 6]. A standard density argument and the arbitrariness of [a, b] allow us to get 
the same result for f G ^^(R^^jR™) and any s G I. 

Let us show formula (13.81) . From [TJ Thm 2.3 (ix)] (see also [51 Thm. A.l]), we know that, for any n such that 
supp(/) C Bn, 

(G® (t, si)f)(a;) - (G® (t, so){){x) = f (G® (t, r)A{r)f){x)dr (3.9) 

J So 


for any sq < si <t, x G R^^. Since the function A{r)i belongs to Gh(R^;R’”), by ProDOsition l2.6l G? (■. rlAlrlf 
converges to G(-,r)A(r)f in C'j®^((r,+oo) x R'^;R'"). Thus, letting n —>■ +oo in (13.91) and choosing si = t we get 

(EH). □ 






10 


L. ANGIULI, L. LORENZI, D. PALLARA 


4. Hypercontractivity estimates 


The aim of this section consists in proving that, under suitable assumptions, the evolution operator G{t,s) 
maps M™) into for any t > s and I < p < q < +oo and that 

l|GI'(t, < Cp^q{t — s)||f||LP(Rd;Rm), t > s, f £ R"*), (4-1) 

for suitable functions Cp^q : (0,+oo) —?► (0,+oo). 


Theorem 4.1. Assume that Hvvotheses \2.2\ hold true and that, for some interval J G I, estimate (13.211 is satisfied 
for any (t,s) £ Sj. Then, the following properties are satisfied. 

(i) Estimate (|4.1D holds true for any 2 < p < q < +oo, (t, s) £ Sj and f £ LP(]R'^; R"*). Moreover, C2 ,oo(t) < 

for some positive ki, k 2 depending on m, d, inf j^r^ Xq, Lj, andEcp^qir) = (cp(r))P/«(c2.oo(T))^^‘^ 
for any r > 0 and {p, q) ^ (2, oo). 

(ii) If, in addition. Hypotheses 13.11 are satisfied, then estimate S3 holds true for any 1 < p < q < +oo, t, s 

and f as in (i). Moreover, ci,2(r) < for some positive ki, k 2 as in (i) and 


Cp,q{r) 


p(2 —g) 2(g —p) 

(cp(r))'!G-p) (ci,2(r)) 


4 

C2 


(g —p)(p-l) 
pg{2-p) 


for any r > 0, if q <2, and Cp^q(r) = Cp_2(T/2)c2,q(r/2) for any r > 0, if p <2 < q. 


Proof. Taking the result of the Proposition 13.61 into account, we confine ourselves to proving (14.11) for functions 
belonging to C'c(R‘^; R™). 

(i) Fix f £ C'c(R‘^;R™) and let J be as in the assumptions. Note that it suffices to prove that 

||G(t, s)f ||oo < C 2 ,oo(^ — s)||f||i 2 (Rd.Rm), (t,s)£Sj (4.2) 

for some positive function C2,oo : (0, +oo) —(0, +oo). Indeed, once (14.21) is proved, using the estimate ||G(t, s)f||oo < 

||f||oo, which holds for any t > s £ /, and the Riesz-Thorin theorem, we deduce that ||G(t,s)f||oo < Cp^oo{t — 

2 

s)||f||LP(R<i;Rp*) for any p £ [2,+oo], {t,s) £ Ej where Cp^oo{t — s) = [c2,oo(^ — s)]^ for any p > 2. On the other 
hand, Theorem 13.31 shows that ||G(t, s)f ||^p(Rd.Rm) < Cp(t — s)||f||ip(Rd.Rm), for any (t, s) £ Ej and p>2. Hence, 
again by interpolation we deduce that 


l|G(t, s)f||i<2(Rd.Rm) < Cp_5(t — s)||f||iP(Rd.Rm), {t,s) £ Ej 

for any 2 < p < q < +oo, where Cp^q{t — s) = [Cp{t — s)]«[cp_oo(^ — 

So, let us prove (14.21) . First, observe that for any n £ N, any h £ which vanishes on dBn, and 

A > 0, it holds that 


(Ah — A* (s)h, h)da; = 


'Bn 


E 


(QA 


hi , 


+ A||h|| 


i=i • 


Tr(i3iiAi(h O h))(ia; 



C — ^ DiBi j h, h\da; 


> i^o||E'xh||i2(B„.RP.) + A||h|||2(B„.Rp.) - 

> t'oll Ah|| + (A — Z/j/2)||h|| 

for any s G J, with Lj as in (13.21) . where z/q is the ellipticity bound in Hypotheses 12 .1 l iib Nash’s inequality (see 
[H Thm. 2.4.6]) together with the latter estimate yield 



((A - yi*(s))h, h)dx > ci||h||^i,2(B„;Rm) 


> C2||h|| 


2+4/d 

L^{Bn-R^) 


l|h|| 


-4/d 


(4.3) 


^Here and below Cp, 1 < p < oo, is the constant in Theorem 13.41 
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for any A > Lj/2, s G J and some positive constants ci, C 2 depending on I'o, Lj and m. Now, fix g G R™) 

and A > i.//2. For any n G N, such that supp(/) C i?„, we set 

Ms) = s)g||i 2 (B„.R„.), (t, s) G Ej, 

where, as in the proof of Theorem 13.31 G*(t, s)g denotes the unique classical solution of (Id.41) . Estimate (I4.dll 
implies 


Ms)=^e f ((A-A*(s))G;(t,s)g,G;(t,s)g)dT 


(4.4) 


where in the last inequality we have used the estimate ||G* (t, s)g||Li(B„;B'") < ||g||Li(B„;B'") which holds true for 
any g G Indeed, the function G*(t, s)g belongs to L^(B„;R"*) and 


{Gl{t,s)g,i)dx 


{g,Gn{t,s)i)dx 


'Bn 


^ l|g|lLl(Sn;R'") l|Gn(t, s)f||ioa(5^.Rm) 
< l|g||Li(B„;R™)l|f||L“(B„;R'") 


for any f G C'b(i?„; R™), since the proof of Proposition [01 shows that ||G„(t, s)f||ioo(B„;B™) < l|f IIl“(b„;R'") for 
any t> s. By approximating any f G L°°(i3„;R'") by a bounded sequence (f„) C Ch{Bn]W^) converging to f in 
a dominated way, we conclude that 

^ (G* (t, s)g, f)ciT < ||g||Li(B„;R'")||f||L°“(B„;R'") 

Bn 

for any such f. This estimate shows that ||G* (t, s)g||ii(B„;Rm) < ||g||Li(B„;Rm), as claimed. 

From ( 031 ) it thus follows that 


ds 






(t, s) G Ej, 


whence, integrating from s to t and estimating f* ’'^dr from below by 1, we get 


)-2/d ^ _l££||„||-4/d 

' II&IIl1(B„;R'")- 


Consequently, u„(s) = ||e < d‘^''^(4c2) "*''^l|g|lii(B„;Rm), for any (t,s) G Ej. Thus, we 

have established that 

l|G* (t, s)g||i2(^^.Rm) < 006 "^^* ^^l|g||Li(B„;R'P); 

for any g G C'c(R‘^;R™), (t,s) G Ej, A > Tj/2 and cq := d‘^/^(4c2)“‘^/'^. By duality, the latter inequality leads to 


^ Coe 


(4.5) 


for any (t, s) G Ej. Letting n —>■ +oo in (14.51) yields estimate (14.21) with C 2 ,oo(t — s) = 

(ii) The second part of the statement can be easily obtained arguing again by interpolation as in (i). In this case, 
since ||G(t, s)f||^p(Rd.Rm) < Cp{t — s)||f||LP(Rd;Rm), for any (t, s) G Ej and p G [1, 2], it is enough to prove that 

l|G(t, s)f||i 2 (Rd.Rm) < Cl_ 2 (t — s)||f||Ll(R<i;RP*), (^J s)SEj, (4.6) 

Once (031) is proved, using Riesz-Thorin theorem and interpolating between 031), with p = 2, and (031) , we 
get (031) with q = 2. Next, interpolating between this latter estimate and, again, 03D, we get 031 for any 

1 < p < g < 2, with Cp^q{r) = {cp{r))MM ■ Finally, splitting G(t, s) = G{t, (< + s)/2)G((t + s)/2, s), 

we get 031 with p <2 < q and Cp^q{r) = Cp^ 2 {r I 2 )c 2 ,q{r 12). 
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The proof of (|4.6I) can be obtained arguing as in (i) replacing the function Vn defined there by the function 
Unit) = for any {t,s) G Ej. □ 

Theorem KT\ can now be used to prove that the hypercontractivity estimate (14.11) holds true also when Hy¬ 
potheses [131 are satisfied, see also Bemark 12.71 

Theorem 4.2. Let us assume that Hvvotheses \2.^\ hold true and that for some interval J G I there exist a positive 
constant Xj and two functions kj : J x —>■ M, bounded from above, and ipj G blowing up as |a:| —> 

such that diva,6 -I- kj > 0, in J x and supjxRrf(-^‘/^J ~ < +oo, where A = ArviQD,^) — {h, D^) + 2 k j. 

Then, G{t, s) maps R™) into L‘?(R‘^; R™) for any l + ^<p<q< -boo. Moreover, ||G(t, s)f ||i 9 (Rd.Rm) < 

Cp,q{t — ■s)||f||Lp(R‘';R”*) for ony (t, s) G Ej, i + ^<p<q< +oo and some function Cp^q : (0,-|-oo) —>■ (0,-|-oo). 

Proof. Note that all the assumptions of Theorem I4.1f iil are satisfied by the scalar operator A in (12.41) . As a 
consequence, the evolution operator G(t, s) associated with A satisfies (14.11) for any p,q as in the statement. In 
particular G(t,s) maps L^(R'^) into and 

||G(t, s)'0||i9/p(Rd) < ci^q/pit — s)||'i/'IIli(R‘^)j {t, s) G Ej, if G (4.7) 

Therefore, from (12.101) and (14.71) it follows that 

\\Git,s)i\\l , = [ / iGit,s)m‘^/Pdx 

jR<i JR'i 

< .,/,(( - .MP-lllfl'Ill'..,., 

for any f G Gc(R'^;R™) and (t, s) G Ej. The density of Gc(R'^;R"‘) in LP(R‘^;R'") allows us to obtain the claim 
with Cp^qir) = e'^p''/P[ci_q/p(r)]^/P, r > 0. □ 


5. POINTWISE GRADIENT ESTIMATES 


In this section we prove some gradient estimates satisfied by the evolution operator G(t, s)f when f G 
G^(R(i;Rm) Hvpotheses 12.31 are satisfied. Notice that p > 1 could be allowed in all the results if /3 is 

arbitrary in (12.3|) . according to Remark ET71 We also add the following assumptions. 


Hypotheses 5.1. There exist 7 > 1/4 and a function k such that \Dxqij\ < kXq in I x for any i,j = l,...,d 
and 


sup 

JxR'^ 


'/dmfXq -b 



+ 2Ac 


< -boo 


(5.1) 


sup 

JxR'^ 




bj=i 


M Y. \Daq,,?) +(Y\DjB.n + Ao.t + Ac+ M,Xq + -(Y\D^C\ 


i=l 


< -boo (5.2) 


where M-^ := ji^/dnif -b dk)^ -b \^fdmf -b ^ (see Huvotheses \2.‘6\) . 


Theorem 5.2. Assume that Hypotheses 12.31 (with a = 1) and Hypotheses 15.11 are satisfied. Then, for any 
|Zl,G(t, s)i\P < Cp s){\i\P + \Di\P) (5.3) 


for any (t, s) G Ej, f G G/”(R^;R™) and some positive constants Cp and Cp^j, where G(t, s) is the evolution 
operator associated with Ait) in Gt,(R‘^). 
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Proof. ^^From [T71 Prop. 2.4] it follows that \G{t,s)ip\P < G{t,s)\ip\P, for any if G Cb(]R“), t > s € I and 
p G [l,+oo). Thus, it suffices to prove the claim only for p G [1 + Let J be as in Hypotheses 15.11 

f G K™) and for large n G N, we consider the classical solution u„ = G^(-,s)f of the Cauchy-Neumann 

problem (12.8L The core of the proof consists in proving that 

+ \D^\^)i (5.4) 

for any (t, s) G Sj, f G K™), p G [l+^^^,2] and some positive constant Gp^j. Here, G^(t, s) denotes the 

evolution operator associated with the restriction of A{t) (see (12.41) ') to i?„, with homogeneous Neumann boundary 
conditions. Indeed, once (15.41) is proved, estimate (15.11) follows, from Proposition 12.61 with Cp = 

So, let us prove (15.41) . For any £ > 0, let us consider the function Vn = (|u„p -|- \Dj;Un\’^ + e)^ . ^From [T51 
Thm. IV.5.5] it follows that G G^’^([s, +oo) x n G6([s,T] x R'^) for any T > s. Moreover, solves the 
problem 

5 s 

(s, -l-oo) X Bn, 


DtVn - A{t)Vn = pVn {J^1f^ + {2- p)Vn , 

^ i=l ' 


< 0 


dVn 

du 

Vnis) = + \DJ\'^ + e)P/‘^ 


(s, -l-oo) X dBn, 
Bn, 


where 


dm dm 

E E 

k—1 i,l—l k,j—l 

m d 

“t“ ^^{Dx^DxUjiJ-, DxUnj} E ^ D jUn ■) D i^n) 

j^l 

dm dm 

^2 = E E E E {,^i)kj DiiUnjDiUn^i 

k—1 i,l—l k,j—l 

d dm 

V'3 = E( Uri; +EE DlC]^jUnjDi'lLn_^k 1 

i—1 1—1 k,j—l 

=(C'Un,Un), 


(5.5) 


'4^5 — ^ ^^ {QDxUn,k') Dx'^n,k} ^ ^ ^ Dx^^i'^n^k') i 


k^l 

d 


i—1 k—1 


'i/'e = - ^ Qij ( (u, Diu) + Diu) j | (u, Dju) + ^ {DjmU, Dmu) 


1^1 


m=l 


and the boundary condition in (15.51) follows since the normal derivative of is nonpositive in (s,-|-oo)xcIH„ 

for any fc = 1,..., m (see e.g., [319]). 

Using Hypotheses 12. 3l i')-('ii') and the inequality iD^qijl < kXg, we get the following estimates for the functions 
ifi, for i = 1, 2, 3: 


■tpi < 


4>2 < 


d ^ 1/2 

V^( X! 


E 


i,l — l 


1/2 


+ Ao^b + Ac 


I Bx Ujj 






1/2 


J2\b. 


L ^ 2=1 


1 / 2 - 


\DxUn\\Dlun\ < a{dk + Vdm^)^AQ|£>^u„p -h ^Aq|T> 3 ;U„P, 
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Vdm^XQ + ( \D^C\ 


i=l 


1 / 2 - 


(|u„p + 


in J X To estimate i/je, we observe that 

m d / d \ y d 

V'e = E E Qij f '^n,h^i'^n,h H~ ^ ^ j f '^n,k^j'^n,k T ^ ^ DjjYi'l^n^kl^m'U>n, 

h,k—l i,j—l ^ 1—1 m—1 

m m d 

— ^ ^ '^a:'^n,/c) T 2 ^ ^ ’^n,h Dl'^n,k^QDx'^n,h-i DxDl'^n,k} 

h,k—l h,k—l 1—1 

m d 

+ E E DlUn,hDm'^n,k {QDxDlUn,ht DxDm'^n.k') ■ 

h^k—1 l^m—1 

It thus follows that 

/ m \ 2 m d 

'ip6 <(^\Un,h\\Q^^‘^DxUn,h\j +2 ^ \Un,h\\Q^^‘^DxUn,h\^\DiUn,k\\Q^^‘^DxDiUn,k\ 
^h^l ^ h,k^l 

m d 

+ E E \DlUnM\\DmUn,k\\Q^^'^D^DiUn,h\\Q^^'^D^DmUn,k\ 

h,k—l I,m—1 
d 

— I ^ ^ {.QDxUn.ki Dx'^n,k} 


fc=l 


d m 


2=1 fc = l 


T 2|u 7^ I IZ^a^Uyj, I f ^^{QDx'^n.k-! ^x'^n.k) 

^ k^l 
d m 

T ^ ^ ^ '^^ {QDx^i'^n,ki ^x^i^n.k} 

2=1 k^l 

! d ^ 1 , d m 

I ( ^ ^^ {Q^xUn,k-) Dx'^n,k} ) T|-Da;ll' 

^ k—1 ^ 2—1 k—1 

d m 


^DiUn^ki ^x^i'U'n^k) 


I^i'^n,ki Dx^i'^n^k) 

/ ct a fii 

E(|u7t,| +|i^a;lJ-?2| )( ^ ^ {Q^x'^n,k-i Dx'^n,k) T ^ ^ ^ '^ {QDxDi'^n,kj Dx^i'^n,k) 
^ k^l 2=1 A;=l 

dm K 

,k') ^x'^n,k) T ^ ^ ^ ^ {^QDxDiUn.kt ^x^i'^n^k} j ■ 


1 2 


<< 


' fc=l 


2=1 fc=l 


Putting everything together, we get 

5 


O r / a \ i/z / “ \ 

J2i’^ + {2-p)^ev-^/^< Vd( J2 +(Ei^^^*iu +AD.b+Ac 

+ + p- 1 + -V^to^^Aq + 2 (^E lA’iC'P^ 


+ [a(dfc + Vdm^)'^ “ (1 “ 2')]Aq|£)^u. 


i=l 

2 


+ <^ Ac + 


Vdm^XQ + ( y] I AC| 


2 = 1 


1/2-1 
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for any a = a{t) and, choosing a = {p — l){dk + \fdm^) we conclude that 


5 r ^ d ^ 1/2 ^ d \ 1/2 

+ ^ I + Ac + M^Aq 

z—1 ^ ^ 1 ' ^ Lj—1 

d 


+ n(J2\D^C(‘ 


Z=1 


1 / 2 - 


U-TI 




i=l 


1/2 


Ac 


in J X Using estimates (EH) and (15.21) we conclude that DtVn — A{t)vn < CpjVn in J x R'^ for some positive 
constant Cpp. Hence, the function n;„(t, •) = Vn(t, •) — {t, s)(|fp + \D{\'^ + solves the problem 


DtWn - (A(t) + Cpp)Wn < 0, 

^<0. 

ov 

Wn{s) = 0, 


(s,T] X Bn, 
(s, T] X dB, 


The classical maximum principle yields that Wn < 0 in (s,T) x Bn, whence, letting e O’*', estimate (15.41) follows 
at once. □ 

Theorem 5.3. Assume that Hvvotheses \2.3\ (with a = 1) and Hvvotheses 15.41 are satisfied with J = I. If 
Ac < —2pd'mff(^\Q in I X R'^, where 7 is as in Huvotheses \I>A[ then the estimate 

\D,G{t, s)f|P < kpe^^^^-^\t - s)-"^G{t, s)|f|P, (5.6) 

holds in Hj x R'^, for any p G [1 + +00): f G C'“(R'^,R"‘) and some positive constants kp and hp. 


Proof. Using the same arguments as in the proof of Theorem 15.21 we can limit ourselves to proving (15.61) when 
p G [1 + 47577^,2]. Note that, under our assumptions, the estimates (12.101) and (15.31) hold true for any p G 
[1 + 4 (^/ 3 ^^) , 2], f G C'“(R‘^,R™) and t > s £ I, with positive constants Kj in (12.101) and Cp in (15.3L independent 
of J. Moreover, after a rescaling argument we can assume that Kj < 0. Thus, for any fixed p G [1 + 2], 

f G C')?“(R'^, R™), from (15.31) and the evolution law it follows that 
\D,G{t,s)f\P = \D,G{t,a)G{a,s)i\P 

< Cpe^-(‘-")G(t,a)[|G(a,s)f|P + |iA,G(a, s)f| p] 

< [G{t,s)\f\P + G{t,a)\D,G{a,s)i\P] 

for any a G (s, t). Since the transition kernel pt,s{x, y) associated with the evolution operator Gif, s) is a positive 
L^-function with respect to the variable y with L^-norm equal to one (see [n Prop. 2.4]), using the Holder 
inequality we can estimate 


G{t,a)\D,Gia,s)i\P =G{t,a) 


\D,G{a, s)fr(|G(a, s)fp + d)'^(|G(a, s)fp + 5)"^ 


<(G{t,a){\D,Gia,s)f\^{\G{a,s)f\^+S)^)y (G{t,a){\G{a,s)i\^ + S)^ ' 
<ei |G(t, a) (|i4,G(a, s)f |2(|G(a, s)f p + 5)^) 

+ ^1 - |^e:p-2G(t,tT)(|G(tT,s)fp +(5) = 


for any e,d > 0, whence 


g-cut—) |27^G(t, s)t\P <CpG(t, s)|f r + Cp 


(1 - I) e^""G(t,cr)(|G(cr,s)fp +5)2 
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+ ^CpelG{t,a) (^|£)3:G(CT,s)fp(|G(CT,s)fp . 

Integrating the previous estimate with respect to cr G (s,t), we deduce 

\D^G{t,s)i\P < j—s)G(t,s)|f|P + (^1 - G(t,cr)(|G(cr,s)fp +S)^da 

+ J' G{t, a) {\D,G{a, s)fp(|G(a, s)f|2 + 5)^) daj. (5.7) 

The claim reduces to proving that there exists a positive constant kp such that 

^ Git, a) (|7^.G(a, s)fp(|G(a, s){\^ + 5)'^) da < kpGit, s)(|fp + ,5)« (5.8) 

for any (t, s) G E/. Indeed, once (15.811 is proved, we replace (15.81) into (15.71) and, using [ITl Prop. 3.1], we let 
6 —>■ 0+. Finally, using again (12.1011 to estimate G(t, tT)|G(tT, s)f|P < G(t, (T)G(cr, s)|f|^ = G{t,s)\f\P, we get 


\D,Git,s)i\P < 


GpCp 


X — g Cp{t s) 


1 + 



(t- s) + ^e^kp 


G(t,s)|fr 


and, minimising on e, 
\D,Git,s)i\P < 


GpCp 


it - s) + k^ it - s) 2 G(t, s)|f|P 


X — g Cp(i s) 

whence the claim follows. Therefore, to conclude we prove (15.8F To this aim, we set 

ijjnicr) = G^(t,cr) (|G^(cr,s)fp +5)" = G^(t,cr) (|u„(cr, " = G^(t, cr)(u„(cr, •)) 

for any cr G [s,t] and n G N, where G^it,a) and G^(t, cr) are the same evolution operator considered in the 
proof of Theorem 15.21 Since the normal derivative of the function u„(cr, •) vanishes of dB^ for any a G (s,t), 
classical results on evolution operators show that the function ipn is differentiable in (s, t) and a straightforward 
computation yields 

V'n(c') = G^it,a) [D^Vnia,-) - Aia)vnia, ■)] 


= pG^it,a) 


(wn(o-))^ ^ ^(u„, AAu„) + (u„,Gu„) - ^ q,jiD^u,Dju) 




+ (2-p)(u„(cr))^ p ^ q,j{u,D^u)iu,Dju) 
jj'=i 


Using (12.XXII . we get 

^nicr) < pG^it,a) 


(u„(cr))^ P y^(u„, BiDjUn) + (Un, GUn) + (I - p)XQ\Dxn„ 


Thus, taking Hypotheses 12.3l il into account, we deduce 


d d 

^(u„, AAu„) + (u„,Gu„) <m^AQ|u„| ^ |Au„| + Ac|u„|^ 

i —1 


<(edm^^^)AQ|G,pU„p + 


(^ + Ao)|u..|» 


for any e = e(t) >0. Consequently, 


V'n(CT) <pG^it,a) 


ivnicr))^ p 


+ 1 -p)AQ|£>a;U„p 
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Choosing e = {p— \){2dm?^ implies 


V'nW < 2 ^p{l-p)vQG^{t,a) 


K(cr))^ 




(5.9) 


Integrating both sides of (15.91) with respect to cr in [s + /i, t — h] and then letting n to +oo and ft. to 0 we get (15.81) 
with kp = 2[p{p — l)z/o]“^. The proof is so completed. □ 


Corollary 5.4. Under the same Hypotheses as in Theorem 15.31 and assuming that G{t, s) satisfies estimate 
(13.11) with p = 1, the evolution operator G{t,s) is bounded from H."*) in K."*), for any p G 

+ 4 (/Ia 7) ’+°”)> 0 < di < ^2 < 1 and {t, s) € E/. 

Proof. ^From Theorem 13.41 it follows that ||G(t,s)f||p < Cp{t — s)||f||p for any t > s G I, f G K.™) and 

some positive function Cp : (0, +oo) —>■ (0, +oo). Moreover, integrating the estimates (15.31) and (15.61) in writing 
(EH) with p = 1 and G{t, s) instead of G(t, s) and using the above estimate for ||G(t, s)f||p, it follows that 


||G(t,s)f|| IVl>p(R<i;Rm) < Cp (i-s)||f|| ||G(t , s)f||^l,p(Rd;Rm) < Cp (t-s)l|f||LP(R<^ iR”*)! 

(5.10) 

for any t > s G I, p G [1+ 4(;g^j+oo), f G C')?“(R'^;R™) and some positive functions Cp : (0,+oo) (0,+oo), 
7 = 1,2. By density, the first estimate in (15.101) can be extended to any f G 1F^’^(]R^; M™) and the second to 
f G LP(R‘^; R™). Thus, the claim is proved for 02 = 1 and 0i = 0,1. The remaining cases follows by interpolation, 
taking into account that for any 9 G (0,1) and p G [l,+oo), 1F®’P(R‘^; R"*) equals the real interpolation space 
(LP(R'^; R'"); 1F^’^(R‘^; R"‘))e_p with equivalence of the respective norms (see PH Thm. 2.4.1(a)]). □ 


6. Examples 

Here we exhibit some classes of elliptic operators to which Theorem 13.31 can be applied. Indeed examples of 
operators which satisfy the hypotheses of Theorem 13.41 can be found in [7] . 

Example 6.1. Let A he as in (11.21) with Q = Im, Bi{x) = —Xi{l + \x\'^)‘^Bi and C{x) = —|a;p(l + \x\‘^)^C for 
any x G R'^, i = 1,... ,d. Here, Bi {i = 1,... ,d) and C are constant, symmetric and positive definite matrices 
and ft > 2a > 0. It is easy to check that 

d 

3Cp(a;) > -(1 + \x\^f’^^xi\Bi\'^ +T\x\'^{l + 
for any x G R'^. Moreover, choosing k(x) = — |a;|'^ with c G (2 + 2a, 2 + 26), we get 

d d 

Xp(x) > - (1 + \x\^f'^ ^ xj\B,\^ + 4|a;p(l + \x\^)’’Xc - 4(1 + 

d 

- 8a(l + \x\'^T-^ ^ - A\xf 

for any x G W^. Since b > 2a and c < 2 + 26, the functions and OCp blow up at infinity as \x\ —>■ oo, uniformly 
with respect to -q G dBi. Therefore, assumption (12.51) is satisfied both by Xp and Xp. On the other hand, taking 
into account that c > 2 + 2a, the function ip{x) = 1 + \x\^, x G R'^, satisfies Hypotheses I2.2l iil and l3.1f iil for any 
A > 0. Finally, a straightforward computation shows that 

d d 

^ 2 C-J 2 i=iDiBiix) < ~2|x|^(l + |a;|^)^Ap + (1 + |a;|^)“^ A^. + 2a(l + |a;|^)“ ^ '^^i^Bi 

i=l i=l 

for any x G M.‘^. The choice of a and ft yields that estimate (13.21) is satisfied, too. Since, all the assumptions in 
Theorem 13.31 are satisfied, the evolution operator G(t, s) associated with A is well-defined in L^’(R‘^; R™) for any 
p > 1. Moreover, estimate (EH holds true, where Cp(t — s) is defined in Theorem 13.31 
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In the following example we consider the operator A with Bi, C as above, but allow the diffusion coefficients 
Qij to be unbounded as well. 


Example 6.2. Let A, be as in (II3) with Q{x) = (1 + Bi{x) = -Xi{l + \x\'^Ylm + (1 + 

(i = 1,...,d) and C{x) = —(1 + \x\'^YC for any x G We assume that Bi {i = 1,... ,d) and C are constant, 
symmetric and positive definite matrices. Finally, d, a, 6 G [0, +oo) satisfy 2b < 5 < a + 1 and c > 2a V (a + 1). 
We have that 


%Yx) 


2=1 


+ 4(1 + \x\^Y{Cr],ri), 


for any a; G and r] G dBi. Since 5 > 2b, the first term in the previous formula is bounded in therefore 
(12.51) is clearly satisfied by Xjj and also by X^, where k{x) = — |x|® and s G (2 + 2a, 2c). Indeed, 

d 

Xn{x) > X^x) - 4(1 + \x\'^Y - 86|a;p(l + \x\'^Y~^ + + \x\'^Y~^ X] v) - la^T 

i=l 


for any x G R'^. The choice of S, a, b and s yields that the function tp, defined in (i) is a Lyapunov function in R*^ 
for both A and A. Moreover, 


d 

^ 2 C-J 2 i=iDiBii^) ^ “2(1 + \x\'^YXp, + (1 + + 26(1 + \x\'^Y + 2c(l + \x\'^Y ^ ^ 

i=l 

and, since the leading term in the previous estimate is the first term in the right-hand side, estimate (13.21) is clearly 
satisfied. Thus, Theorem E31 can be applied. Moreover, since c > S, 2c > 2b — 1 and b < 6, the assumptions of 
Theorems and [Ql are satisfied and estimates (ESI) and (ESI) hold true in R^ for any (t, s) G S/. 


Remark 6.3. In the previous examples we can replace the constant matrices Im, Bj {j = 1, ... ,d) and C by 
matrices of the same type, i.e., by diag(gi(t)), Bj{t) (i = 1,... ,m, j = l,...,d) and C{t) respectively, whose 
entries are functions which belong to (~l Cb{I) and such that qi, Xg (i = 1,... ,m, j = 1,... ,d) and Xp,, 

have positive infima on I. 


Appendix A. Uniform estimates 

Now, we prove that the L°“-norm of the classical solutions of the Cauchy problems (EU and (El) can be 
estimated in terms of the L°“-norm of the initial datum. The proof of this result can be found in [2] in the case 
when A is not in divergence form. 

Proposition A.l. Let us assume that Huvotheses \2.1\ hold true. If there exists a function h : I x R'^ — >■ R bounded 
from above, such that Hypotheses 12.21 are satisfied with Xrj replaced by Xrj + 4/i and Arj replaced by Arj + 2h then 
the evolution operator associated with A in C'f,(R‘^;R™) satisfies the estimate 

||G(t,s)f|U<e'‘«(‘-^)||f||oo, 

for any t>sGl,f€ C'f,(R‘^; R™), where ho = sup/^R^ h. 

Proof. Let T > s and J := [siT]. Up to replacing A := Xj with a larger constant if needed, we can assume that 
there exists a function p := pj as in Hypothesis 12.2l ii') satisfying sup^^gg^^ supj,^][5d(A,,(/5 —At/?) < 0 with A > 2ho. 
Now, for any t G J, x G R*^ and n G N, we set 

vYt,x) := e-^(*-*)|u(t,x)|2 - ||f|1^ - 

where u = G(-,s)f. Our aim consists in proving that < 0 in [s,T] x R'^ for any n G N. Indeed in this case 
letting n —>■ +oo and recalling that T has been arbitrarily fixed, we obtain |u(t, • )|2 < e2^«(‘-®)||f|l^ in R'^, for 
any t G [s, T] and the claim follows from the arbitrariness of T > s. 

A straightforward computation shows that 

DtVn{t,x) = [(Alo(0 + 2/i - A)|u(t, OP - 2V{Diu{t,-),... ,Ddu{t,-),u{t,-)) 
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in (s,T] X where A^it) = div{Q{t, ■)Dx) and 

d d 

F(-, ... ,e",c) := E 0 - ((c* - h)c, c) 

i,i=i i=i 

for any Since A > 2ho, we can estimate 

DtVn{t, •) - (Alo(t) + 2h- X)vn{t, ■) - 2{h - ||f |1^ 

<-(Alo(t) + 2h- X)(f - 2e~^^*~'’'>V{Diu{t, Ddu(t, ■),u(t, •)), (A.l) 

n 

in R'^ for any t G (siiT]. Since lim| 3 ,|_j,^oo x) = —oo, uniformly with respect to t € Vn attains its 

maximum at some point (to, a^o) G [s, T] x R'^. If to = s the proof is complete since Vn{s, •) < 0. If to > s, assume 
by contradiction that Vn{to,Xo) > 0. In this case, since A —2h > 0 in /x R^, the left-hand side of (lA.ll) is strictly 
positive at (to, a;o)- 

Thus, it suffices to prove that the right-hand side of (lA.ll) is nonpositive at (to,xo) to get a contradiction and 
to conclude that < 0 in [s, T] x R^. 

Since D^VnitoiXo) = 0, it holds that (Itju(to, xo), u(to, xo)) = Dj(p{xo) / {2n) for any j = l,...,ct, where 
(p = Thus it is enough to show that the maximum of the function 

• ■ ■, := ^(‘^o(io) + 2h(to, •) - X)(p{xo) - 2V (to, xo, . ■ •, C), 

in the set E = {(C^, ■ ■ ■, £ R’"'^ : ,0 = (2n)“^-Dj(^(xo), j = 1,..., d} is nonpositive. Note that the function 

f^(io,a;o,C^, • ■ ■ ,^“^,0 tends to -l-oo as ||(^^,... —t -|-oo, for any ( G R"*. Hence, Anx has a 

maximum in E attained at some point (^o, ■ • ■,Co)- Applying the Lagrange multipliers theorem, it can be proved 
that 

Co =^ICr^C-Dj<^(xo) + ^J2(Q~^)jk(to,xo) [Hfe(to,xo)C- ICr^(-Sfc(to,xo)C,C)C] , 

for j = 1,..., d and, consequently, that 

V(to, Xo, Co, • ■ •, Co) = 4 ^ 2 * 1^12 xo)Dip(xo)l^ - ((C(to,xo) - h(to, xo))C, C) 

1 .^ 

“ 4 E iQ~^)^k{Br{to,Xo)C„Bk(to,Xo)C) 
i^k—1 

1 

+ 1712 E (C”^)*fc(-Si(^o,a;o)C,C)(5fe(to,xo)C,C) 

i,k=l 

1 

- ^^^E-^j‘^(^o)(Si(to,a;o)C,C)- 

It thus follows that 

maxF„_f =-(A^/l^|(to)<^(a:o) - Ai^(xo)) 

E 71 

- ■:^^^^^\Q^'‘^(to,xo)D(p(xo)\^ - ^|Cp3C(to,a;o,|Cr^C) < 0, 
and the proof is complete. □ 

Corollary A.2. Let assume that Hvvotheses \2.1\ hold true. Then, 
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(i) if Hypotheses 12.31 are satisfied, then the classical solution u of the problem CH) satisfies the estimate 

||u(t, Olloo < ||f||oo, for any t>s€l and f € R™); 

(ii) if Hvvotheses \^.l\ are satisfied, then the classical solution of the problem (13.411 satisfies the estimate |lv(t, Olloo < 

for anyt>s€landfG C'f,(R'^;R”"). 
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